
 Logarithmic Rules, Ln rules and Exponen7als 
The key to success at logs is not just knowing your rules, but knowing WHEN TO USE THEM and being good at algebra to simplify/solve aDer.  
It is just a process of eliminaGon! If one rule doesn’t work ask yourself, can I apply the other? You oDen have to use mulGple rules in one 
quesGon. The rules work both ways, not only from leD to right, hence the ⟺ sign below. 

• Logs have the form of base and an argument i.e. !"#!	% where	& > 0, * > 0  
• !"#		% =	!"##$	% (when no base is wri3en it means base 10 by default) 

5 Log Rules 
Rule 1 

Name Of Rule: Inverse Rule (aka snail rule) In Words/Pictures and when we use 

!"#! $ = & ⟺ (" = $ 

 
 

 

Words: 
Logs are just the inverse of indices.  This rule turns a log into an index form 
(gets rid of it) and vice versa. In other words, Any log can be wriRen in index 
form and vice versa. 
 

Picture 
 

 
 

 
 

“The power you raise a to get c is b” 
When/How Do We Use This? Common Mistakes And Where Students Go Wrong 

The rule works both ways (from right to leD and leD to right) 
Ø Le/ to right: log! % = ' is replaced with (" = % (see examples 3-8) 

ü We use this to turn a log into an index form which is mainly for 
solving type quesGons when we want to get rid of the log in order 
to solve for the unknown (see examples 71 onwards, but don’t do 
these yet) 
 

 

Ø Right to le/: (" = % is replaced with log! % = ' 
ü      We use this to turn an index form into a log. (see examples 1-2) 

We very rarely use this UNLESS we are specifically asked to turn an 
index form into a log. We CAN use it later on (in examples 50 onwards, 
but don’t do these yet), however I will show a nicer method that allow 
one to appreciate how the 4 solving things link up. 

Failure to realise the following extra cancellaIon laws resulGng from this rule: 

 
• log! 1 = 0  
• log! ( = 1 
• log! (# = + 
• ($%&! # = + (very oDen missed by students) 

 
If we apply the rule, the above make sense right? 

• (' = 1	(turning into an index gives this which is true) 
• (( = (  (turning into an index gives this which is true) 
• (# = (#  (turning into an index gives this which is true) 
• log! + = log! +	and then turn into an indices 

Rule 2 

Name: Power In Words/Pictures 

! "#$! %⟺ "#$! %" 
 
 

Associated Indices Rule Link 

"#!$" 	⟺ #!" 
This is the same in terms of the fact we mul<ply by the power, 
except with logs we bring the power to the front and mul<ply it 
at the front.  

 

Words: 
We can bring the power up and we can also bring the power down. The rule 
works both ways. 
 
Picture: 
 
 
 
 
 
 
 

When/How Do We Use This? Common Mistakes And Where Students Go Wrong 
The rule works both ways (from right to leD and leD to right) 
 
Ø Le/ to right: clog! % is replaced with log! %" 

ü We use this bring the power up if we want to use rules 3 or 4 
below or to get into a certain form 
(These quesIons are too easy to come up on their own. Wait 
unIl you cover mulIplicaIon and division below) 

 
Ø Right to le/: log! %" is replaced with clog! %  

We use this to get into a certain form 

This is a really really common mistake!!!! 
The power rule is for the power of the argument , NOT the power of the enGre 
log 
This means the rule works for 

log! %" = 	' log! % 
However,  

(log! %)" is NOT the same as ' log! % 
(log! %)"  means the enGre log raised to the power of ' whereas  log! %" mean 
only the argument % is raised to the power of ' 
Hence: 

(log! %)" ≠ 	' log! % 

Rule 3 
Name Of Rule: MulJplicaJon (aka Product Rule) In Words/Pictures 

!"## $% ⟺!"## $ + !"## % 
 

Associated Indices Rule Link 
#!#" ⟺#!#" 

For both indices and logs, mulGplicaGon goes to addiGon, but watch out 
with logs because it is the opposite - one log mulGplied goes to two logs 
added whereas with indices two bases mulGplied go to one base added.  
But it is the same noGon of two things going to one! 

 

Words: 
 One log mulGplied can be turned into 2 logs added and vice versa 
 
Picture: 

   

When/How Do We Use This? Common Mistakes And Where Students Go Wrong 
The rule works both ways (from right to leD and leD to right) 
 
Ø Le/ to right: log! %' is replaced with log! % + 234!' 

ü We use this to turn one log mulGplied into two logs added 
(see example 21 part i and 27. You can do more examples once 
you get to division below as they o/en come up together)  

 
Ø Right to le/: log! % + 234!' is replaced with log! %' 

ü We use this to turn mulGple logs added into one log mulGplied. 
This is used more than the leD to right above. 
(see example 24. You’ll can more examples once you get to 
division below as they o/en come up together) 

 

Mistake 1:  
You can’t expand/distribute a log, it is fixed with its argument, just like trig: 
 

log(( ± %) ≠ log ( ± log % 
 

 
 
Mistake 2:  
ONE log mulGplied goes to TWO added, two logs do NOT go to two logs! 

#$%! & × ()*!" ≠ #$%! & + #$%! " 
 
*Watch out*:  
• In order to use this rule the coefficients of the logs must be 1  

log! %' ⟺1log! % + 1log! '.	 
If they aren’t 1, use Power Rule 2 first to bring the power up 

• The bases must match. If they don’t, use rule 5 (not in your course) 

Rule 4 
Name Of Rule: Division (aka QuoJent Rule) In Words/Pictures 

!"#+
$
%⟺ !"#+ $ − !"#+ % 

 
 

Associated Indices Rule Link 
#!
#" ⟺#!$" 

For both indices and logs, division goes to subtracGon, but watch out with 
logs because it is the opposite - one log divided goes to two logs subtracted 
whereas with indices two bases divided go to one base subtracted.  But it is 
the same noGon of two things going to one! 

 

Words: 
We can make two logs divided into one  log divided and vice versa. This is the 
same as rule2  except we have division instead of addiGon.  
 
Picture: 
 
 

 

When/How Do We Use This? Common Mistakes And Where Students Go Wrong 
The rule works both ways (from right to leD and leD to right) 
 

Ø Le/ to right: log! )" is replaced with 789* : − <=>*? 
ü We use this to turn one log divided into two logs added 

(see examples 21 part ii, 22, 23 and 28-30)  
 

Ø Right to le/: 789* : − <=>*? is replaced with 789* +, 
ü We use this to turn mulGple logs subtracted into one log divided 

(see examples 25-26 and 72-74) 
QuesIons come up a lot with rules 3 and 4!!! 

 

There are 3 common mistakes: 
Mistake 1 Mistake 2 Mistake 3 

log (
log % ≠ log ( − log % 

log (% ≠ log	(( − %) 
log (
log % ≠ log (% ONE 789 divided goes 

to TWO subtracted, 
two 789@ do NOT go 

to two 789@ 
*Watch out*  In order to use this rule 
• The coefficients of the logs must be 1  

1log! % − 1log! ' ⟺ log!
%
'  

If they aren’t 1, use Power Rule 2 first to bring the power up 
The bases must match. If they don’t’ use rule 5 (not in your course 

 

Rule 5 (NOT in A Level syllabus– included for completeness for IB and math uni entrance exams) 
Name Of Rule: Change Of Base In Words/Pictures 

&'(% ) ⟺
&'(" )
&'(" #

 
 
We always use this rule from le/ to right.  
This rule is not on the syllabus, but it makes your life easier to know it as you 
can use if a harder quesGon comes up). It used to be on your syllabus, but got 
taken off.  

Words: 
You can change the base of a log to anything you want 
 
Picture: 
 

When/How Do We Use This? Common Mistakes 
This is really easy. The bases of the logs simply do not match (one might have a 
base 2 and the other might have a base 3 for example) 

(see examples 36, 37, 78 and 79) 

This rule is usually applied quite well. Once you have applied it tough  ask 
yourself if any are just numbers and you can apply rule 1 

 

 
Summary Of All Log Rules   

Rule Descrip,on 
Rule 1: log! % = ' ⟺ (" = % 

Rule 2: ' log! % ⟺ log! %" 

Rule 3: log! %' ⟺ log! % + log! ' 

AB7C	D:	 log!
%
' ⟺ log! % − log! ' 

AB7C	F:	 log! % ⟺ $%&" )
$%&" !

 (optional to learn – is not in your syllabus) 

Rule 1:  Any log can be wriRen in index form and vice versa. 
Rule 2: We can bring the power up and down 
Rule 3: one log mulGplied goes to two logs added and vice versa 
             (need to use rule if there is no 1 in front)  
Rule 4:  one log divided goes to two logs subtracted and vice versa 
               (need to use rule 1 if there is no 1 in front)  
Rule 5: We can change the base of any log 

 

Logs quesJons are mainly about simplifying quesJons (most of column 2) versus solving quesJons (column 3). 
Graphing and differenJaJon have also both been included  at the very boUom of this column for completeness 

Simplifying (there are 6 types) 

 

Type 1: simplifying/evalua,ng 1 log (use rule 1) 
Method for examples 1-2:  Use rule 1 from right to leD 
Method for examples 3-8:  Use rule 1 from leD to right 

ü Way 1: If you have a calculator: type these straight in instead (look for the log buRon with a base which is someGmes hidden).  
ü Way 2: If you don’t have a calculator set the given log equal to + and solve for +. 

Method for examples 9-20:  You can write the answer by using the cancellaGon laws 
Example 1 Example 2 Example 3 Example 4 Example 5 Example 6 Example 7 Example 8 

Write  4! = 64  
as a logarithm 

Write 3"# = $
%	 

as a logarithm 
Simplify log 1000 Evaluate  log# 8 Simplify log! 1 Simplify log#

$
$& Simplify log#'

$#'
√'  Simplify log) 8 

4! = 64 
 

-./* 01 = 2 
 
 
 
 
 

3"# =
1
9

 
 

-./+
4
5
= −7 

 

When no base is 
wri8en it means 
base 10 
 

89:$, 1000 
 
Type this into calc 
OR set equal to ; 
and use way 1 
89:$, 1000 = ; 
10- = 1000 

< = 2 

log# 8 = ; 
 
Let’s do this way 2 

2- = 8 
 
Need all to be base 
2 

2- = 2! 
Equate the powers 

< = 2 

log! 1 = ; 
 
Let’s do this way 2 
 

3- = 1 
 
Need all to be base 
3 

3- = 3, 
Equate the powers 

< = > 
 

log#
1
16

= ; 
 

Let’s do this way 2 

2- =
1
16

 
Need all to be base 
2 

2- = 2") 
Equate the powers 

< = −1 
 

log#'
125

√5
= ; 

 
Let’s do this way 2 

25- =
5!

5
$
#

 

5#- = 5
'
# 

2; =
5
2

 

< =
A
1

 

log) 8 = ; 
 

4- = 8 
(2#)- = 2! 

 
2#- = 2! 

 
2; = 3 

 

< =
2
7

 

 

Example 9 Example 10 Example 11 Example 12 Example 13 Example 14 
Simplify log. 1 Simplify log. 	D Simplify log/ 	E' Simplify log/ 	E! Simplify 

log. 1 
Simplify 
log. 	D 

0 1 5 3 0 1 
Example 15 Example 16 Example 17 Example 18 Example 19 Example 20 

Simplify 3 log0 F) Simplify 3123! 4 Simplify G123" & Simplify 8123# ' Simplify 3 log0 F) Simplify 3123! 4 
3 log0 F) 

 
= 3(4) 

 
= 12 

 

 

= 7 

 

= 6 

= 2!123# ' 

= 2123# '! 

= 5! 

= 125 

3 log0 F) 
 

= 3(4) 
 

= 12 
 

 

= 7 

 

Type 2: Turn 1 log into 2 or more logs (use rules 2/3 &4) Type 3: Turn 2 or more logs into 1 log (use rules 2/3 & 4) 
Example 21 Example 22 Example 23 Example 24 Example 25 Example 26 

Given: 
log' ; = I and log'J = K 

Find: 
i.log' ;#J! in terms of I & K 
ii.log'

-$
5# in terms of I & K 

Given that: 
log$, ; = G, log$, J = D and 

log$, L = E 
Find: 
log$,

-#5$
	 √7!  in terms of a,b & c 

Given that log#
!#%
8&  can be 

wri8en as I; + KJ. 
 
Find the value of I and K 

Simplify 
2 log J + 3 log L# 

Simplify 
5 log! ;! −	4log! J# 

 

Simplify 
2 log# 12 − 3 log# 5− 2 log2 2 
 

i. 
log' ;#J! 

= log' ;# + log' J! 
= 2log' ; + 3log' J 

= 7N + 2O 
ii. 

log'
;)

J#
 

= log' ;) − log' J# 
= 4 log' ; − 2 log' J 

= 1N − 7O 

log$,
;#J)

	√L
!  

= log$, ;# + log$, J)

− log$, L
$
! 

 
= 2 log$, ; + 4 log$, J

−
1
3
log$, L 

 

= 7! + 1P −
4
2
Q 

Work on LHS 

log#
32-

85
 

= log# 32- − log# 85 
= ; log# 32 − J log# 8 

= 5; − 3J 
 
Compare to RHS I; + KJ 
∴ N = A and O = −2 

When no base is wri8en, it 
means base 10 (but don’t 
need to write it) 

log J# + log(L#)!	 
 

= log J# + log L&	 
	
= -./S:T;	 

5 log! ;! −	4log! J# 
 

= log!(;!)' − log!(J#)) 
 

= log! ;$' −	log! J8 
 

= -./+
<<=

S>
 

log# 12# − log# 5! − log# 2# 
 

= log# 144
− log# 125 − log# 4 

 
= log# 144
− (log# 125 + log# 4) 

 

= log#
144

125 × 4
= -./:

20
47A

 

Type 4: Turn 1 log into mul,ple logs by adap,ng numbers (use rule 2/3 and 4) 
 

Example 27 Example 28 Example 29 Example 30 

Let: 
log? 16 = I 

Find in terms of I: 
i. log? 2 
ii. log? 8K 

Let: 
I = log@ 16 and K = log@ 25  

where G is a constant 
Find in terms of I and/or K: 

i. log@ 256  
ii. log@ 100 
iii. log@ 80 × log@ 3.2 

Let: 
log@ 5 = I and log@ 2 = K 

Find in terms of I and/or K: 
i.log@ 10 
ii.log@ 8 
iii.log@ 2.5 

Let: 
W = logA 2 and X = logA 3  

where I > 1 
Find: 

i. logA 6 
ii. $# logA Z

#4A$
) [ 

i. Use log? 16 
= log? 2) 
= 4 log? 2 

Hence 4 log? 2 = I 

log? 2 =
I
4

 
 

ii. log? 8K 
= log? 8 + log? K
= log? 2! + 1 
= 3 log? 2 + 1 

= 3Z
I
4
[ + 1 =

2
1
N + 4 

i.log@ 256 
= log@ 16# 
= 2 log@ 16 
= 7N 

ii.log@ 100 = log@(25 × 4)  
= log@ 25 + log@ 4 
= K + log@ √16  

= K +
1
2
log@ 16 

= O +
4
7
N 

iii.log@ 80 × log@ 3.2 

= log@ 16 × 5 + log@
32
10

 

= log@ 16 + log@ 5 + log@
16
5

 
= log@ 16 + log@ 5 + log@ 16 − log@ 5 

= 2 log@ 16 
= 7N 

i. 
log@ 10 

= log@(5 × 2) 
= log@ 5 + log@ 2 

= N + O 
 
ii. 

log@ 8 
= log@ 2! 
= 3 log@ 2 
= 2O 

 
iii. 

i. log@ 2.5 

= log@
5
2

 
= log@ 5 − log@ 2 

= N − O 
 

i. logA 6 
= logA 2 ∙ 3 

= logA 2 + logA 3 
= ] +^ 

 
ii. $

# logA Z
#4A$
) [ 

=
1
2
logA _

3!I)

2#
` 

=
1
2
alogA 3! + logA I) − logA 2#b 

=
1
2
a3 logA 3 + 4 logA I − 2 logA 2b 

=
3
2
logA 3 + 2 logA I − logA 2 

=
2
7
^− ] + 7 

Type 5: GeDng into certain forms (use rules 2/3 and 4)   
***Exam Tip - OCen required to use this to get an answer form at the end of a quesEon ***  

Type 6: Change Of Base (use rule 5) 
Not in a level, but in uni  entrance exams 

Example 31 Example 32 Example 33 Example 34 Example 35 Example 36 Example 37 
Write 		
log) 9 in the form 
c	log@ 3	

Write 		
4 log! √5 in the form 
log@ D	

Write 	$# log 25	in the 
form log 5@ 

Write 	logB Z
$
-[	in	the	

form	G	8l	; 
Write 

123C '
()**D

123C(#D
  

in the form
123C"'D
123.  

Show that log8 ; is the same 
as #! log) ; 

Given log@ 2 = 2  
and log@ 5 = J,	   
find log# 20 in terms of J 

This just wants us to 
turn the 9 into a 3 and 
write a number at the 
front. Using Rule 4 
from right to leX we 
get: 

log) 3# 
 

= 7 -./* 2 

4 log! 5
$
# 

4n
1
2
o log! 5 

2	 log! 5 
This now wants us to 
get rid of the number 
at the front. Using 
Rule 4 from leX to 
right we get: 

log! 5# 
= -./+ 7A 

1
2
log 125 

 

=
1
2
log 5! 

 

= log(5!)
$
# 

 

= -./A
+
: 

log@ n
1
;
o 

 
= log@ 1 − log@ ; 

 
= 0 − log@ ; 

 
= − -./E < 

 
 

log p − log 1600
-./4 − log 2

 

log p − log 1600
− log 2

 

=
log Z

1600
p [

"$

− log 2
 

=
− log Z

1600
p [

− log 2
 

=
logZ

1600
p [

log 2
 

∴ G = 1600, D = 2 

log8 ; 
 

=
log) ;
log) 8

 

log) 8 is just a number (use 
calc or knowledge from 
examples 1-6 to help simplify 
this) 

=
log) ;
3
2

 

=
7
2
-./* < 

	log# 20 

=
log@ 20
log@ 2

 

=
log@(4 × 5)
log@ 2

 

=
123"F:+×=H
123" #

  

=
2 log@ 2 + log@ 5

log@ 2
 

=
2(2) + J

2
 

= 7 +
4
7
S 

 
 
 

Ln and ExponenEals 
The rules for ln(+) work the exact same way for log(+).  ln(+) is just log with a base of e hence log-(+). We prefer to write ln(+)! 
There are 2 extra important things to realise though (although its best to look at the worked examples below to get to grips with this  
as the words below can be confusing for some) 

• e and ln are inverses so cancel each other out when ln is in the power of an exponenGal 
 
 
 
This should make sense since e takes a power,                             ,therefore the ln must be in the power and we can say: 

,qr(s) = . 
• e and ln are inverses so cancel each other out when the e is in the argument of ln 

 
 
 

This should make sense since ln takes an argument,                              ,therefore the I must the argument and we can say: 
ln(,s) = . 

You normally don’t get ques]ons like the examples 29-40 below on their own, but they are good grounding to understand solving 
 

Example 38 Example 39 Example 40 Example 41 
Simplify: 

t1I(#-) 
Simplify: 

t1I(-!) 
Simplify: 

t! 1I(-) 
Simplify: 

t! 1I(-L$) 
t1I(#-) 

Cancel uMN since they sit next to each other 
= 7< 

t1I(-!) 
Cancel uMN since they sit next to each other 

= <+ 

t! 1I(-) 
Power Rule: 

Q -./E P ⟺ -./E PO 
= t1I-! 

Cancel out the uMN since they sit next to 
each other 

= <+ 

t! 1I(-L$) 
Power Rule: 

Q -./E P ⟺ -./E PO 
= t1I(-L$)! 

Cancel out the uMN since they sit next to 
each other 

= (< + 4)+ 
Example 42 Example 43 Example 44 Example 45 

Simplify: 
t1I(-)L1I(5) 

Simplify: 
t1I(#-)L1I(!5) 

Simplify: 
t# 1I(-"$) + 3 

Simplify: 
ln(t!-) 

t1I(-)L1I(5) 
MulCplicaCon Rule: 

-./E PQ ⟺ -./E P + -./E Q 
= t1I(-)t1I(5) 

Cancel out the uMN since they sit next to 
each other 

= <S 

t1I(#-)L1I(!5) 
MulCplicaCon Rule: 

-./E PQ ⟺ -./E P + -./E Q 
= t1I(#-)t1I(!5) 

Cancel out the uMN since they sit next to 
each other 

= 2; ∙ 3J 
= 0<S 

t# 1I(-"$) + 3 
Power Rule: 

Q -./E P ⟺ -./E PO 
= t1I(-"$)# + 3 

Cancel out the uMN since they sit next to 
each other 

= (; − 1)# + 3 
= (; − 1)(; − 1) + 3 
= ;# − ; − ; + 1 + 3 

= <: − 7< + 1 

ln(t!-) 
Cancel -w(u) since they sit next to each 
other 

= 2< 
 

Example 46 Example 47 Example 48 Example 49 
Simplify: 

ln(t#-L)) 
Simplify: 

ln(t-L5) 
Simplify: 

ln(t-L5)# 
Simplify: 

ln(t#-L5)) 
ln(t#-L)) 

Cancel -w(u) since sit next to each other 
= 7< + 1 

ln(t-L5) 
Cancel -w(u) since sit next to each other 

= < + S 

ln(t-L5)# 
Power Rule: 

Q -./E P ⟺ -./E PO 
= 2 ln(t-L5) 

Cancel -w(u) since  sit next to eachother  
= 2(; + J) = 7< + 7S 

ln(t#-L5)) 
Power Rule: 

Q -./E P ⟺ -./E PO 
= 4 ln(t#-L5) 

Cancel -w(u) since sit next to eachother 
= 4(2; + J) = x< + 1S 

 

 

Graphs  
 

ExponenCal 
 
 
 
 
 
 
 
 
 

 

Step 1: Find the S asymptote 
This is the value that is added or subtracted to the exponential J = Gt.-L/ + y	gives the asymptote is J = y  
(it’s just the value added or subtracted to the root) 
Step 2: Find where graph crosses the < axis 
Set y = 0 and solve for ; (ln both sides to solve. If no solution means no ; intercept.  
Can’t take 8l	of a negative number) 
Step 3: Find where graph crosses the S axis 
set ; = 0 and solve for J 
Step 4 : connect the features found above 
Keep in mind that we don’t touch the asymptote (tend to it) and cross the intercepts found with the general shape of 
an exponential in mind.  

Logarithmic This is just the inverse of the exponential graph (reflection in the line y=x i.e. swap the x’s and y’s) 
Step 1: Find the < asymptote 
; asymptote: we set the argument of  8l equal to zero and solve for ;.	 
For	example 	J = G 	ln(D; + E) + y we just set  D; + E = 0 gives ; asymptote ; = − /

. 
Step 2: Find where graph crosses the < axis 
set J = 0 and solve for ; (raise e both sides) 
Step 3: Find where graph crosses the S axis 
set ; = 0 and solve for J  (If no solution means no x intercept – can’t have 8l of a negative number) 
Step 4 : connect the features found above  
Keep in mind that we don’t touch the asymptote (tend to it) and cross the intercepts found with the general shape of 
an exponential in mind.  

Di$erentiation and Integration of Logarithmic and Exponential Functions 

This is covered in detail the diLerentiation and integration advanced techniques sheet. This has just been put here as. Reminder that it exists.  
y = ln 1(3) ⟹ $%

$& =
'((&)
'(&) 	                   ∫

'((&)|
'(&) = ln 3                          ∫ ln 3	 = ∫1 × ln 3		and use parts 			y = e 1(3) ⟹ 9:

93 = 1((3);'(&)	 
 

 
 

 

 Solving (there are 4 types – solving log, ln, exponenEals  
Each solving type below is covered with examples in the corresponding column (the first time each tip appears is written in green) 

 

Type 1: Solving powers of !  
and base other than e 

(start with unknown power) 

Type 2: Solving powers of ! and 
base " 

(start with unknown power) 

Type 3: Solving logs 
 

start with log and get rid 

Type 4: Solving ln 
 

start with #$ and get rid 
Method Method Method Method 

 If 2 terms: Log of both sides and use rule 4 
 If 3 terms: Use indices rules and then becomes a hidden 
 quadratic (if have 3 terms). Proceed as above after.  

 Take the natural log of both sides 

 
 Use rule  log@ D = E ⟺ G/ = D 
 If more than one log condense using rules 2/3 
 If a coefficient in-front use rule 4 first 

  Either replace as logP ; and proceed as  
 normal in type 3 or raise both sides to the  
 power t 

Example 50: Power of J (Easy) Example 60  Example 70 Example 79  
 Solve 

5-"# = 7 
 Solve  

t!- = 10 
 Solve  

log# ; = 3 
 Solve for ;: 

ln(; − 2) = 5 
5-"# = 7 

Way 1: Log both sides Way 2: Use rule 1 
Log both sides: 

log 5-"# = log 7 
Use Power rule 

(; − 2) log 5 = log 7 
Expand 
(log 5); − 2 log 5 = log 7 

Get ; on one side alone 
(log 5); = log 7 + 2 log 5 

; =
log 7 + 2 log 5

log 5
 

; =
log 7 + log 5#

log 5
 

∴ < =
-./4ÄA
-./A

= 3.21 

89:'7 = ; − 2	
	
89:'7 = ; − 2 

 
Type 89:'7 into your 
calculator 
 

1.21 = ; − 2 
 

< = 2. 74 
 
 

   Way 1 is best for harder ques]ons and geang into certain 
forms, so this way will be used in all examples below 

Example 51:  Powers of J	with inequality 
 Solve for ;: 

0. 3- < 5 
0. 3- < 5 

Log both sides (like usual): 
log 0. 3- < log 5 
; log 0.3 < log 5 

watch out for sign swapping with inequaliIes 
< >

-./A
-./>. 2

 

Note: The sign swaps since log 0.3 < 0 

 Example 52: Powers of J	with inequality (Easy++) 
Solve 9 Z1 + #

!
Q
[ > 1000 

9 + 9 n
2
3
o
Q
> 1000 

9 n
2
3
o
Q
> 991 

n
2
3
o
Q
>
991
9

 

 Log both sides 

log n
2
3
o
Q
> log

991
9

 

l	89: n
2
3
o > 	log

991
9

 

 Swap the inequality sign since dividing by a negative 

l <
log 9919

89: Z
2
3[

 

Ç < −44. 0 

Example 53: Powers of J	on 2 sides 
 Solve  2#-L! = 3#-L#.	 Give your answer in form 123@123. 

2#-L! = 3#-L# 
Log both sides: 

log 2#-L! = log 3#-L# 
(2; + 3) log 2 = (2; + 2) log 3 

 Mul]ply out (remember log 2 and log 3 are just numbers) 
(2 log 2); + 3 log 2 = (2 log 3); + 2 log 3 

 We have mulCple < terms so we need to group them and 
 then factor <	out 

(2 log 2); − (2 log 3); = 2 log 3 − 3 log 2 
;(2 log 2 − 2 log 3) = 2 log 3 − 3 log 2 

; =
2 log 3 − 3 log 2
2 log 2 − 2 log 3

 

; =
log 9 − log 8
log 4 − log 9

 

∴ < =
-./5x

-./
1
5

 

Example 54: Two powers of J	on 2 sides   
Solve 6-(2-"$) = 3(5-L#) 

leaving the answer in form 123@123. 

6-(2-"$) = 3(5-L#) 
 Log both sides: 

log 6-(2-"$) = log 3(5-L#) 
 Applying the Mul]plica]on Rule: 

⇒ log 6- + log(2-"$) = log 3 + log(5-L#) 
⇒ ; log 6 + (; − 1) log 2 = log 3 + (; + 2) log 5 

 Expand the brackets and collect the like terms: 
⇒ ; log 6 + ; log 2 − log 2 = log 3 + ; log 5 + 2 log 5 
⇒ ; log 6 + ; log 2 − ; log 5 = log 2 + log 3 + 2 log 5 

⇒ ;(log 6 + log 2 − log 5) = log 6 + log 25 

⇒ ; nlog
6 × 2
5

o = log 6 × 25 

⇒ ; nlog
12
5
o = log 150 

∴ < =
-./4A>

-./47A

 

Example 55 
Solve 3#- − 7(3-) − 8 = 0 

 No]ce how here we have 3 terms, not just 2 hence we can’t 
 log both sides like in the examples above (can’t log a 
 sum/difference).  

(3-)# − 7(3-) − 8 = 0 
 Using the subs]tu]on: W = 3- ⇒ W# = (3-)# = 3#- 

3W# − 7W − 8 = 0 
(3W − 8)(W + 1) = 0 
W = 8

! and W = −1 

            3- = 8
! , 3

- ≠ −1	since	can’t	take	log	of	a	negative	

< =
log 83
log 3

= 4. x5	

Example 56 
Solve  4(3#-L$) + 17(3-) − 7 = 0 

4(3#-L$) + 17(3-) − 7 = 0 
 Let’s get the in the right form to spot the hidden quadra]c 

4(3#-)(3$) + 17(3-) − 7 = 0 
12(3#-) + 17(3-) − 7 = 0 
12W# + 17W − 7 = 0 

(12W − 4)(12W + 21) = 0 
W = $

! and W = − 4
! 

3- = $
!, 3- ≠ − 4

!  since	can’t	log	of	a	negative 
∴ < = −4 

Example 57 
Solve 25- + 5-L$ − 24 = 0 

  Change bases to match 
(AR)# + A(5R) − 24 = 0 
(5- − 3)(5- + 8) = 0 
5- = 3, 5- ≠ −8 

< =
log 3
log 5

= >. 0x2 

Example 58 
Solve 2(4-) + 3(4"-) − 7 = 0 

2(4-) +
3
4-
− 7 = 0 

2(4-)# − 7(4-) + 3 = 0 
(4- − 3)(2(4-) − 1) = 0 

4- = 3, 4- =
1
2

 

4- = 3, 4- = 2"$ 

< =
-./2
-./1

, < =
4
7

 

Example 59 
Solve 2(3!5) − 5(3#5) − 9(35) + 18 = 0   

2(3S)+ − 5(3S): − 9(3S) + 18 = 0 
(35 + 2)(35 − 3)(2(35) − 3) = 0 

35 ≠ −2	, 35 = 3	, 35 =
3
2

 

S = 4	, J =
log Z

3
2[

log 3
 

t!- = 10 
 Ln both sides: 

ln t!- = ln 10 
	tTQ	cancels 

3; = ln 10 
 

∴ < =
-w4>
2

 

Example 61 
 Solve  

2t-"! = 5 

2t-"! = 5 
Way 1 Way 2 

Re-arrange first 

t-"! =
5
2

 
  
Ln both sides: 

ln(t-"!) = lnn
5
2
o 

; − 3 = ln n
5
2
o 

∴= -w n
A
7
o + 2 

Don’t re-arrange first	
					ln(2t-"!) = ln 5	
	
			ln 2+8lt-"!=ln 5	
	
	8l	2 + (; − 3) = ln 5	
	
; = ln 5 + ln 2 + 3 

 

∴ < = -w n
A
7
o + 2 

 

Example 62 
 Solve  

t!-L# = 5t-"! 
  

Way 1 Way 2 
Re-arrange first 

 
t!-L#

t-"!
= 5 

 
t#-L' = 5 

 
 Ln both sides: 
 
ln t#-L' = ln 5 

 
2; + 5 = ln 5  

< =
-wA − A

7
 

Don’t re-arrange first 
 

t!-L# = 5t-"! 
 

Ln both sides: 
 
ln t!-L# = ln 5t-"! 
3; + 2
= ln 5 + ln t-"! 
3; + 2
= ln 5 + ln t-"! 

< =
-wA − A

7
 

 

Example 63 
 Solve 

2t-

1 − 4t-
= 5 

2t- = 5(1 − 4t-) 
2t- = 5 − 20t- 
20t- + 2t- − 5 

22t- = 5 

t- =
5
22

 
 Ln both sides: 

ln t- = 8l
5
22

 

< = -w n
A
77
o 

Example 64 
 Solve 3-t)-"$ = 5  
 giving your answer in the form @L1I./L1IU 

3-t)-"$ = 5 
 Ln both sides: 

ln(3-t)-"$) = ln 5 
 Use the Mul]plica]on Rule LHS: 

ln 3- + ln(t)-"$) = ln 5 
 Use the Power Rule for log on the LHS: 

; ln 3 + 4; − 1 = ln 5 
;(ln 3 + 4) = ln 5 + 1 

∴ < =
4 + -wA
1 + -w2

 

Example 65: Hidden quadraIc 
 Find the exact solu]ons to the equa]on 

t#- − 8t- + 12 = 0 
(t-)# − 8t- + 12 = 0 
(t- − 2)(t- − 6) = 0 
t- = 2 and t- = 6 

ln t- = ln 2 , ln t- = ln 6 
< = -w7 , < = -w0 

Example 66: Hidden QuadraIc 
 Find the exact solu]ons to the equa]on  

t)- − 3t#- = −2 
(t#-)# − 3t#- + 2 = 0 
(t#- − 1)(t#- − 2) = 0 
t#- = 1 and t#- = 2 

ln t#- = ln 1 , ln t#- = ln 2 
2; = 0 , 2; = ln 2 

< = >, < =
áÇ7
7

 

Example 67 (Hard) 
 Find the exact solu]ons to the equa]on 

t- + 12t"- = 7 

t- +
12
t-

= 7 
 Mul]ply all by t- 

t#- + 12 = 7t- 
t#- − 7t- + 12 = 0 

 Using the subs]tu]on W = t- 
W# − 7W + 12 = 0 
(W − 4)(W − 3) = 0 
W = 4 and W = 3 

 Solving for ;$ using W$: 
t- = 4 and	t- = 3 

 Ln both sides: 
ln 4 = ln(t-) and ln 3 = ln(t-) 

∴ < = -w1 and	< = -w2	

Example 68 

t- − 3 =
8

t- − 1
 

t- − 3 =
8

t- − 1
 

(t- − 3)(t- − 1) = 8 
 Mul]ply out 

t#- − 4t- + 3 = 8 
t#- − 4t- − 5 = 0 

 Using the subs]tu]on W = t- 
W# − 4W − 5 = 0 
(W − 5)(W + 1) = 0 
W = 5 and W = −1 
t- = 5 and	t- ≠ −1 

 Ln both sides: 
∴ < = -wA 	

Example 69 
2t- + t"-

t- − t"-
= 4 

2t- + t"- = 4(t- − t"-) 
2t- + t"- = 4t- − 4t"- 

2t- = 5t"- 

2t- =
5
t-

 
2(t-)# = 5 

(t-)# =
5
2

 

t- = à
5
2
	, t- ≠ −à

5
2
	 

; = 8l â'# 

< =
4
7
-wn

A
7
o 

 
 

 

log# ; = 3 
We have the form 1 log equal to a number which 
is what we want 
Use ‘snail rule’ 

2! = ; 
< = x 

Way 1 Way 2 
Raise t	both 
sides: 
t1I(-"#) = t' 
uVW	cancels 
; − 2 = t' 
∴ < = u= + 7 

Replace with 
logP ;: 
logP(; − 2) = 5 

Using the Snail 
Rule: 

t' = ; − 2 
∴ < = u= + 7 

Way 1 is best,  so this way will be used in all 
examples below 
 

Example 80 
 Solve for ;: 

8l; + 8l(; − 3) = 0 
Using the Mul]plica]on Rule on the LHS: 

ln ;(; − 3) = 0 
t1I-(-"!) = t, 
;(; − 3) = 1 

;# − 3; − 1 = 0 
Use quadratic formula 

< = −>. 2>2, < = 2. 2>2 

Example 81 
 Solve for ;: 

ln 2 + ln ; = ln 4 
ln 2 + ln ; = ln 4 

 Using the Mul]plica]on Rule on the LHS: 
ln(2;) = ln 4 

Way 1 Way 2 
Raise t	both 
sides: 
t1I(#-) = t1I) 

2; = 4 
∴ < = 7 

Since we have ‘8l’ 
on both sides we 
can just equate 
the arguments 
 

7< = 1 
< = 7 

 

Example 82 
 Solve for ;: 

ln(4 − 2;) + ln(9 − 3;) = 2 ln(; + 1) 
ln(4 − 2;) + ln(9 − 3;) = 2 ln(; + 1) 

 Using the Mul]plica]on Rule on the LHS and the 
 Power Rule for log on the RHS: 

ln(4 − 2;)(9 − 3;) = ln(; + 1)# 
 Equate the arguments: 

(4 − 2;)(9 − 3;) = (; + 1)# 
 Expanding the brackets and collec]ng the like 
 terms: 

6;# − 12; − 18; + 36 = ;# + ; + ; + 1 
5;# − 32; + 35 = 0 

 From the calculator: 
; = 5 and ; = 4

' 
 Subs]tu]ng ; = 5 into the original equa]on 
 yields nega]ve ln 

∴ < =
Ä
A

 

Example 83 (Hard) 
 Solve for ; giving exact solu]on: 

ln ; + ln(; − 3) = 0 
ln ; + ln(; − 3) = 0 

 Use the Mul]plica]on Rule for log on the LHS: 
lna;(; − 3)b = 0 
t1IF-(-"!)H = t, 
;(; − 3) = 1 

;# − 3; − 1 = 0 
 This can’t be factorised, so using the calculator: 

;$ =
!L√$!
# = 3.303  

and ;# =
!"√$!
# = −0.303 

 Since ln(;) exists only for ; > 0: 

∴ < =
2 + √42

7
 

Example 84 (Hard) 
 Solve for ; giving exact solu]on: 

(ln ;)# + 2 ln ; − 15 = 0 
(ln ;)# + 2 ln ; − 15 = 0 

Using the subs]tu]on W = ln ; 
W# + 2W − 15 = 0 
(W − 3)(W + 5) = 0 
W$ = 3 and W# = −5 

Solving for ;$ using W$: 
ln ; = 3, ln ; = −5 

Raise to e both sides: 
t1I- = t! , t1I- = t"' 

∴ << = u+, <: = u"= =
4
u=

 

Example 85 
  Solve for ; giving exact solu]on: 

(ln ;)# = 4(ln ; + 3) 

(ln ;)# = 4(ln ; + 3) 
(ln ;)# = 4 ln ; + 12 

(ln ;)# − 4 ln ; − 12 = 0 
Using the subs]tu]on W = ln ; 

W# − 4W − 12 = 0 
(W − 6)(W + 2) = 0 
W$ = 6 and W# = −2 

Solving for ;$ using W$: 
ln ; = 6, ln ; = −2 

Raise to e both sides: 
t1I- = t& , t1I- = t"# 

∴ < = u;, < = u": =
4
u:

 

Example 86 
	ln(2;# + 9; − 5)=1 + ln(;# + 2; − 15). 
 Find ; in terms of t. 

ln(2;# + 9; − 5) − ln(;# + 2; − 15) = 1				 
 

ln
2;# + 9; − 5
;# + 2; − 15

= 1 

 Factorise 
2;# + 9; − 5
;# + 2; − 15

= t$ 

 
(2; − 1)(; + 5)
(; − 3)(; + 5)

= t$ 

 
 Cancel the common factor 

2; − 1
; − 3

= t$ 

 Collect common terms	
2; − 1 = t; − 3t 

 
2; − t; = 1 − 3t 

 
;(2 − t) = 1 − 3t 

 

< =
4 − 2u
7 − u

 

 
 

Example 71 
 Solve  

log# ;+log#(; − 3) = log# 4 
 We have 2 logs so we need to combine them 
into one 
Using mul]plica]on Rule 2 

log# ;(; − 3) = log# 4  
 We have only 1 log on each side so can equate 
 the arguments 

;(; − 3) = 4 
;# − 3; − 4 = 0 
(; − 4)(; + 1) = 0 
; = 3 and ; = −1  

 Check if this makes any of the arguments of the 
 logs in the original quesCon negaCve 

; = −1 does give log (nega]ve) 
Hence < = 1 only 

Example 72 
 Solve  

log# ; + log#(; − 2) = 3 
log# ; + log#(; − 2) = 3 

 We have 2 logs so we need to combine them  
into one 
Using the mul]plica]on Rule: 

log# ;(; − 2) = 3  
log#(;# − 2;) = 3 

 We do not have a log on both sides so we have to 
 use snail rule now 
 Using the Snail Rule: 

2! = ;# − 2; 
;# − 2; − 8 = 0 
(; − 4)(; + 2) = 0 
; = 4 and ; = −2  

 Check if this makes any of the arguments of the  
logs in the original quesCon negaCve 

∴ < = 1 

Example 73 
 Solve  

log#(11J − 5) − log# 3 = 2 log# J + 1 
log#(11J − 5) − log# 3 = 2 log# J + 1 

 We first need the ln’s together on one side 
log#(11J − 5) − log# 3 − 2 log# J = 1 

 We don’t have coefficients of 1, so need to use 
 power rule 
 Applying the Power Rule for log: 

log#(11J − 5) − log# 3 − log# J# = 1	
 Using the Division Rule for log: 

log#
11J − 5
3J#

= 1 

 Apply snail rule 
11J − 5
3J#

= 2$	

11J − 5 = 6J# 
6J# − 11J + 5 = 0 
(6J − 6)(6J − 5) = 0 
(J − 1)(6J − 5) = 0 
∴ S = 4 and S = =

; 

Example 74: Simultaneous equaIon 
 Solve 85 = 4#-L!	and 89:#	J = 89:	#	(; + 4) 

 Deal with each equa]on separately first 
85 = 4#-L! 

(2!)5 = (2#)#-L! 
3J = 4; + 6 

!"##	%=!"#	#	(' + 4)   
% = ' + 4 

Solve	simultaneously	
  3(; + 4) = 4; + 6 
3; + 12 = 4; + 6 

< = 0 
S = 4> 

Example 75: Hidden quadraIc (Medium) 
 Solve for J: 

(log' J)# − 	7 log' J + 12 = 0 
(log' J)# − 	7 log' J + 12 = 0 

 Let ; = log' J: 
 This is a hidden quadraCc 

;# − 7; + 12 = 0 
(; − 4)(; − 3) = 0 
; = 4 and ; = 3 

 Solving for J$ using ;$: 
4 = log' J 
J = 5) 

∴ S = 07A 
 Solving for J# using ;#: 

3 = log' J 
J = 5! 

∴ S = 47A 

Example 76: More hidden quadraIcs 
(Hard) 

 Solve for ;: 

log) ; +
2

log) ;
+ 3 = 0 

log) ; +
2

log) ;
+ 3 = 0 

First get rid of the frac]on 
(log) ;)# + 3 log) ; + 2 = 0 

Using the subs]tu]on 	W = log) ;	
W# + 3W + 2 = 0 
(W + 2)(W + 1) = 0 
W = −2 and W = −1 

 Put subs]tu]on back 
log) ; = −2 and log) ; = −1 

; = 4"# =
1
4#

 

∴ < =
4
40

 

; = 4"$ =
1
4$

 

∴ < =
4
1

 
 

Example 77: Change of base (Hard) 
NOT in A Level, but in entrance exams 

 Solve for ;: 
log# ; + 1 = log) ; 
log# ; + 1 = log) ; 

 Change the base on the RHS: 

log# ; + 1 =
log# ;
log# 4

 

log# ; + 1 =
log# ;
2

 
 2 log# ; + 2 = log# ; 

 The terms are common we can just combine  
log# ; = −2  

 Using the Snail Rule: 

; = 2"# =
1
2#
∴ < =

4
1

 

Example 78:  
Change of base with unknown base  

NOT in A Level, but in entrance exams 
  Solve for ;: 

log! ; + 5log- 3 + 6 = 0 
log! ; + 5log- 3 + 6 = 0 

log! ; + 5
log! 3
log! ;

+ 6 = 0 

log! ; + 5
1

log! ;
+ 6 = 0 

(log! ;)# + 	5 log! ; + 6 = 0 
(log! ; + 2)(log! ; + 3) = 0 

Put subs]tu]on back 
log! ; = −2 and log! ; = −3 

< =
4
5
, < =

4
7Ä

 
 

***Exam Tip : Always remember to check whether your soluIons are valid, by plugging your answers into the original quesIon and discount if any are negaIve. 
You will lose marks if you don’t reject invalid soluIons*** 

Summary of solving types/process of elimina,on – when to do that (when to !"#, !$ , raise to the power of %	"'	($)*!) 
Type 1: Number to power J 

 

Type 2: Exponential to power J 
 

Type 3: Log(s) in equation 

 

Type 4: Ln in equation 
 

()* both sides 
‘Log’-ing 

(3 both sides 
‘ln’-ing 

Turn into one log and Snail  
‘snailing’ 

4 both sides 
‘exponenJal’-ing 

Checklist first: 
2 terms or 3 terms? 

2 terms only? 
89: both sides 

If there a product use the rule 
log(GD) = log G + log D 

Group the ; terms as usual and solve 
3 terms? 
Treat as a hidden quadratic first, get 
the solutions and and then proceed 
as above 
 

Checklist first: 
2 terms or 3 terms? 

2 terms only? 
8l both sides 

If there a product use the rule 
ln(GD) = ln G + ln D 

Group the ; terms as usual and solve 
3 terms? 
Treat as a hidden quadratic first, get the 
solutions and and then proceed as 
above 
 

 
 
 

Checklist first: 
Are there multiple logs? 

Need to get 1 log equal to a number first 
If more than one log put the logs on the left 
and use: 

log G + log D = log GD 

log G − log D = log
G
D

 

Note: If no 1 infront of the logs bring the power 
up first 
Now you should have the form 

log?? = lWéDtè 
Note if stuck: When no base is written replace 
with 10 

Use the snail method 
 
 

 

Checklist first: 
Are there multiple ln’s? 

Need to get 1 8l equal to a number first  using the 
Mul]plica]on, Division and Power rules. 
If more than áÇ put the áÇ′ë on the left and use:  

ln G + ln D = log GD 

ln G − ln D = ln
G
D

 

Note: If no 1 infront of the ln′í bring the power up first 
Now you should have the form 

ln	?= 	lWéDtè 
Option 1:  
Raise both sides to 
power t 

Option 2: replace ln 
with 89:P and use 
snail method 
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The ln rules work the same as 
log rules: 

8lG + 8lD = 8lG − ln D 

8lG − 8lD = ln Z
G
D
[ 

l	8lG = ln	(GQ) 
Also know that 

ln 1 = 0 
ln t = 1 
8lt- = ; 
t1I- = ; 

 

(see examples 9-20) 

 

then 
then 
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